Modeling the filtration of incompressible fluids through porous media requires dealing with different types of partial differential equations in the fluid and porous subregions of the computational domain. Such equations must be coupled through physically significant continuity conditions at the interface separating the two subdomains. To avoid the difficulties of this heterogeneous approach, a widely used strategy is to consider the Navier-Stokes equations in the whole domain and to correct them introducing suitable terms that mimic the presence of the porous medium. In this paper we discuss these two different methodologies and we compare them numerically on a sample test case after proposing an iterative algorithm to solve a Navier-Stokes/Forchheimer problem. Finally, we apply these strategies to a problem of internal ventilation of motorbike helmets. motivation of this work comes from a specific industrial problem of internal 4 ventilation for motorcycle helmets. However, problems associated with filtra-5 tion of fluids in porous media have many other applications from geophysics to 6 engineering and also physiology. Consider for example the percolation of water 7 in hydrological basins through rocks or sand, the filtration of biofluids through 8 living tissues, as well as industrial processes involving fluids going through filters 9 and foams.
Introduction 1
In this paper we consider the modeling and numerical simulation of incom- 76 In the fluid region Ω f , we consider a confined incompressible viscous fluid 77 modeled by the Navier-Stokes equations: for all t > 0,
Fluid domain: the Navier-Stokes equations
where u f and p f denote respectively the velocity and the pressure of the fluid, 79 ρ and µ are respectively the density and dynamic viscosity of the fluid and we 80 assume that no external body forces are applied. 81 We have denoted by ∇, ∇· and ∆, respectively, the gradient, the divergence and the Laplace operators with respect to the space coordinates. Moreover, 83 we recall that (v · ∇)w = d i=1 v i ∂w ∂xi for all vector functions v = (v 1 , . . . , v d ), 84 w = (w 1 , . . . , w d ).
85
The Navier-Stokes equations are well-suited to numerically simulate laminar 86 flows for which the Reynolds number
is not too high, U and L being a characteristic velocity and a characteristic 88 length scale of the problem, respectively. For high Reynolds numbers turbulence 89 effects become important and the Navier-Stokes equations need to be augmented 90 with turbulence models, such as the RANS (Reynolds Averaged Navier-Stokes) 91 ones. In our applications we will always place ourselves in the laminar case. medium sufficiently large with respect to the pore size. 96 The Darcy law is the simplest (linear) relation between the seepage velocity 97 u p and the pressure p p in the porous medium, and it states that
As the seepage velocity increases, the transition towards a non-linear drag 107 is quite smooth. In order to characterize the importance of the inertial effects, 108 similarly to the Navier-Stokes equations, it is possible to define the Reynolds 109 number associated to the pores 110 Re p = ρU δ µ ,
where δ is the characteristic pore size.
111
The Darcy law is reliable for values of Re p < 1 (see, e.g., [4] ), otherwise it 112 is necessary to consider a more general model which can account also for the 113 inertial effects, like the non-linear Forchheimer equation [25] :
where C F is the inertial resistance coefficient (or tensor in the non-isotropic the Navier-Stokes equations (see [15] ).
121
The filtration model is fully determined considering the continuity equation: 122 ∇ · u p = 0 in Ω p .
The latter, combined with the Darcy equation (3), leads to the following elliptic 123 equation involving only the pressure:
If only (7) is solved in Ω p , then the velocity can be recovered using the Darcy 125 law (3).
126

Coupling conditions across the interface 127
To represent the filtration of the free fluid through the porous medium,
128
we have to introduce suitable coupling conditions between the Navier-Stokes 129 and Darcy (or Forchheimer) equations across their common interface Γ. In particular, we consider the following three conditions.
where n f and n p are the unit normal vectors external to ∂Ω f and ∂Ω p , 133 respectively (see Figure 1 ). Notice that n f = −n p on Γ. Using Darcy law
134
(3), equation (8) can be rewritten as
This condition is a consequence of the incompressibility of the fluid.
136
2. Continuity of the normal stresses across Γ (see, e.g., [36] ):
Remark that pressures may be discontinuous across the interface. the difference between the slip velocity and the tangential seepage velocity 143 at the interface is proportional to the shear rate therein:
By (v) τ we indicate the tangential component to the interface of the vector
The constant α BJ usually assumes values between 0.8 and 1.2 (see [5] ).
147
Since the seepage velocity u p is far smaller than the fluid slip velocity u f 148 at the interface, Saffman proposed to use the following simplified condition 149 (the so-called Beavers-Joseph-Saffman condition) [49] :
This condition was later derived mathematically by homogenization by Jäger and Mikelić [36, 37, 38] .
152
The three coupling conditions described in this section have been extensively 153 studied and analyzed also in [20, 21, 40, 45, 48, 51] .
154
Remark 2.1. Notice that we have written the Navier-Stokes equations in time-155 dependent form, while we consider steady models for the flow in the porous 156 medium. This can be justified by the fact that the velocity in the fluid domain
More precisely, we consider the momentum equation:
where the physical constants are the same already introduced in (1) and (5) 
Dimensionless formulations 199
To better compare the models that we have considered, we introduce their 200 dimensionless forms. We define the following dimensionless variables:
where L and U are respectively a characteristic length and velocity for the problem (we use the same for both the fluid and the porous medium).
203
By substituting (17) in (1) (recall that in our case F = 0) we obtain the 204 dimensionless formulation of the Navier-Stokes equations:
where Re f is the Reynolds number defined in (2).
206
The dimensionless form of the Darcy law (3) becomes
where the dimensionless group Gr n is defined as
On the other hand, the dimensionless form of the Forchheimer equation (5) 209 reads:
having denoted by Gr f the dimensionless group
The three coupling conditions (9), (10), (13) at the interface are make di-212 mensionless too, obtaining
where Gr c is defined by
Finally, the dimensionless form of the penalized Navier-Stokes equations (15)
with dimensionless groups
In the following we will refer to the dimensionless formulations omitting the 218 apices for simplicity of notation.
219
For the sake of clarity, let us summarize the models that we will consider in 220 the next sections.
221
• Navier-Stokes/Darcy (NSD) model:
(29)
• Navier-Stokes/Forchheimer (NSF) model:
u p + Gr f |u p |u p = −Gr n ∇p p = 0 in Ω p ,
• Penalization (PE) model:
All the physical variables are dimensionless. Suitable boundary conditions 225 will be introduced in Section 2.6. 226 2.6. Boundary conditions 227 We set now the boundary conditions referring, for simplicity to a specific 2D
228
problem, but what we present can be extended to more general settings. 229 We consider the setting in Figure More precisely, the boundary conditions that we use for the NSD model (29) read:
The function u pois is a given Pouiseuille velocity profile on γ 1 . The same boundary conditions apply for the NSF problem (30) with (32) 4 replaced by
For the PE problem (31), we have to impose a slightly different set of bound-238 ary conditions:
Notice that condition (32) 5 has been replaced by (33) 6 since in the latter case 240 the stress on δ 3 is not given by the sole pressure, but by the whole Cauchy 241 stress tensor. Moreover, condition (32) 4 has been changed into (33) 4 and (33) 5 .
242
Indeed, thanks to Darcy's law, (32) 4 corresponds to the null normal velocity 243 condition (33) 4 , while (33) 5 has been introduced to ensure the well-posedness 244 of the problem.
245
As initial condition for all models we assume the velocity in the fluid region 
Numerical approximation and solution algorithms
In this section we address the finite element approximation of the coupled 253 problems considered in Sections 2.5-2.6 and we propose an iterative solution 254 method based on a domain decomposition approach. 
where D = Ω f for (29) and (30) and D = Ω for (31).
263
Several families of finite element spaces satisfying the inf-sup condition are 264 provided in [7] . In the following, for the sake of exposition, we will make the 265 special choice of piecewise quadratic elements for the velocity and piecewise 266 linear for the pressure.
267
More precisely, we start by defining the following discrete spaces for the NSD problem:
Then, the Galerkin approximation of the coupled NSD problem (29) reads: find In analogous way, we can define the following finite element spaces for the PE approach:
The Galerkin approximation of (31) reads:
in Ω p . u h pois is a suitable approximation of u pois in the finite element space X h . we adopt a first-order implicit Euler scheme with a semi-implicit treatment of 295 the nonlinear convective term of the Navier-Stokes equations. 296 We subdivide the time interval considering a fixed time step ∆t: 0 = t 0 < 297 t 1 < . . . < t n < t n+1 < . . ., t n+1 − t n = ∆t, ∀n ≥ 0, and we denote by the upper 298 index n a quantity computed at the time step t n .
Thus, the discretization in time and space of the coupled NSD problem (34) becomes: for n ≥ 0, find u n+1
with u 0 f h = u h pois in Ω f and u n f h = u h pois on γ 1 , u n f h = 0 on γ 2 for all n ≥ 0.
302
On the other hand, for the PE model (35) we consider also a semi-implicit 303 treatment of the nonlinear Forchheimer correction. Thus, its space-time dis-
with u 0 h = u h pois in Ω f , u 0 h = 0 in Ω p , u n h = u h pois on γ 1 , u n h = 0 on γ 2 for all 306 n ≥ 0. approach similar to those studied in [19, 21] .
312
Since for our applications we are interested in computing the steady state 313 solution, after discretizing in time we do not perform sub-iterations at each time 314 step, but we adopt the following scheme.
315
Let ϕ 0 h and ψ 0 h be suitable approximations at the initial time of the pressure p 0 ph and of the normal velocity u 0 f h · n f on Γ, respectively. Moreover, let 0 ≤ α, β ≤ 1 be two relaxation parameters. Then, for n ≥ 0
2. Update the normal velocity of the fluid across Γ: instead of (40) we consider the problem: find p n+1 ph ∈ W ph such that
The velocity in Ω p at time t n+1 can then be recovered by: In this section we present some numerical results on a 2D test case using the 337 three models studied in the previous sections.
338
We consider a 2D computational domain as shown in Figure 2 to represent an 339 air flow in a channel over a slightly porous tissue. We set ρ = 1.184 kg/m 3 , elements have been used for the spatial discretization. 358 We consider at first the NSF model with the iterative algorithm of Section 3.3.
adopted (see [4, 42] ).
362
The finite element solution of the NSF problem at the steady state on a 363 computational mesh with N = 3 corresponding to h = 1/3 and to about 6500 364 elements is shown in Figure 4 . We can see that the flow suddenly enters the to the interface is higher than the seepage velocity in the porous medium.
372
The flow is conserved in the computational domain. Indeed, if we compute the flux on the boundaries:
with obvious choice of notation we have F γ1 = −10.667, F γ3 = 9.285, F δ3 = 373 F Γ = 1.382, so that F γ = 0. 
where A 1 = 1 + Gr c , A 2 = 1 + 4Gr c , A 3 = 9 + 64Gr f ,
392
In the case that we are considering, we have u(y) = 1.38426 + 2.27264y − 0.654677y 2 and v = 0.304974.
The computed and the analytical profiles are compared in Figure 6 : as soon as difference between the two conditions can be directly seen on the computed 414 velocity profile at the outlet (see Figure 9 ). contrast to the jump that characterizes NSD and NSF (see Figure 11 ). Looking Observing the normal velocity in Figure 12 , we can see that much more flow 438 enters the porous medium in the case of the PE solver, since the inertial effects 439 are taken in account not only by the Forchheimer term, but also by the inertial 440 term of the Navier-Stokes equations.
441
Finally, we study the flux F Γ (or equivalently F δ3 ), analyzing its behavior latter case, we set the permeability to its original value K = 3.71 · 10 −7 m 2 ).
444 Figure 13 gives a comparison of its trend for the NSF and PE models. Although In this section we apply the PE approach to study a 3D configuration rep-455 resenting a schematic test case for the real helmet ventilation problem that 456 motivated this work.
457
The problem of internal ventilation of a motorcycle helmet is associated 458 with the thermal comfort of the rider: a sufficient airflow must be guaranteed 459 to ensure the use of the helmet even in very hot and humid external conditions.
460
For these reasons each helmet has to be equipped with an efficient ventilation 
479
For our simulation, the inlet and outlet channels have a square section of edge 480 6 mm and their height is 23 mm. The distance between the channels is 50 mm, 481 while the extension of the porous layers in the transversal direction is 40 mm.
482
The porous domain is made of a 2 mm thick comfort tissue with permeability 483 K p = 5 · 10 −8 m 2 and Forchheimer coefficient C F,p = 0.34, and of the hair been generated using freeFEM++. 489 We impose a pressure drop of 0.1 P a between inlet and outlet. We refer to flow rate could be considered as objective function in an optimization framework 501 aiming at optimizing the physical properties of the porous layer or the shape of 502 the air channels. This issue will be the object of a future work. 503
Conclusions
504
We have presented different approaches for modeling incompressible flows 505 in a domain partially occupied by a porous medium. In particular, we have 506 considered models with different equations in the two subregions of the domain 507 coupled via interface conditions (NSD and NSF), and a unified approach (PE) 508 where the presence of the porous region is described by suitable coefficients of 509 the same equation. We have proposed an iterative algorithm to compute the sta-510 tionary solution of the NSD and NSF models and discussed its implementation.
511
Finally, we have shown an application of the PE method to the computation of 512 the air flow for the internal ventilation of a motorcycle helmet. 513 We can conclude that, on one hand, the NSF model allows to represent care-514 fully the physics of the problem since it permits to precisely locate the interface 515 and it features ad-hoc models for each subregion. However, its implementation
